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Abstract

The existence of a Hamiltonian vector field in which tra-
jectories of the invariant set of a dissipative hyperbolic
chaotic system are embedded will be proved (see notation
below). Evidence of this with an example concerning the
Lorenz system will be provided. Also, a constructive method
of designing a Hamiltonian for the Lorenz attractor with a
universal approximator will be introduced. The present ap-
proach enables the use of the universal approximator prop-
erty of neural networks for modeling dynamics from the
Hamiltonian perspective.

1. Introduction

Recent decades in the scientific literature brought much at-
tention to the physics of low-dimensional chaos. In many
technical applications, such as communication systems, er-
godicity and continuous spectrum of chaotic signals became
important and desired features. Frequently, numerical eval-
uation of chaotic maps or simple integration of a system’s
differential equations are sufficient means in attempted de-
signs. Oftentimes, however, the properties of constructed
solutions need to be explained with more analytic justifica-
tion.

Most of the interesting properties of the macroscopic scale
dynamical systems concern strange attractors. In particu-
lar, this means that physically feasible implementations of
chaotic oscillators usually possess dissipative dynamics. A
well-known example of such an oscillator is the Chua cir-
cuit.

This work concerns the class of hyperbolic dynamical sys-
tems [1] which determine a sufficiently smooth vector field

containing an attractor in the form of a nowhere-dense in-
variant set which we denote in sequel by . Topologically,
such an invariant set is a closure of the union of closed or-
bits of the vector field . Here, a method
of embedding into the Hamiltonian dynamics is provided.
In short, Hamiltonian formulation of dynamics requires the
existence of the energy surface, which is a specific sub-
manifold of codimension 1, arising naturally as a subset of

the Hamiltonian’s level set. Therefore, the phase space of
the original dynamical system generating the strange attrac-
tor may need to be extended by additional coordinates. A
method of constructing such an extended phase space using
the Legendre transformation with a suitable Lagrangian will
be provided at the end of this paper. The first sections are
devoted to the theoretical discussion of the problem, where
we provide the necessary and sufficient conditions for valid-
ity of such methods.

2. Embedding into Hamiltonian dynamics

Let be the phase-space for an arbitrary Hamiltonian
. For simplicity we restrict ourselves to the the

real compact submanifolds of
without a boundary of class at least ; this we further de-
note by: . Additionally we require for and to
satisfy the following condition:

Condition 1. For any , and , a vector
1 is normal to the manifold i.e .

Now, suppose that is an invariant set of the respective vec-
tor field , properly embedded into the phase
space (which in this particular case means that gradi-
ent doesn’t vanish on ). In this setup, we conclude
that must lie entirely in a certain level subset of , which
can be argued exploiting the existence of a dense trajectory
in (refer to [3]). In sequel, we assume that
without loss of generality. Therefore, by the following result
(see [4]) which is a direct consequence of Implicit Function
Theorem,

Theorem 1. Let be a continuously differ-
entiable functional (Hamiltonian). If is the set of all the
points (regular points) at which ,
then is a real submanifold of codimension 1, satisfying
the condition (1).

1 denotes matrix (complex structure [2]):

where stands for identity submatrix.



we obtain a necessary condition for to be an invariant set
of :

Condition 2. If is a Hamiltonian vector with a properly
embedded invariant set , then there exists a submanifold
of codimension 1, satisfying the condition (1) s.t. .

The manifold is also called an energy surface (see [2]).
Consequently, we will use the term energy surface for any
compact real submanifold which satisfies the condition
(1). In sequel, we formulate a sufficient condition for a given

to be embedded as an invariant set of a certain Hamilto-
nian vector field. Notice (when reading the proof) that a in
the following formulation can be replaced with an arbitrary
compact subset of .

Condition 3. Suppose that there exists a certain energy sur-
face of dimension , s.t. and a non-
vanishing continuous vector field , which
induces dynamics on . Then there exists a Hamiltonian

of class , s.t. , induces the same dy-
namics on as i.e. .

Prior to the actual proof of condition 3, the classical Whit-
ney extension theorem [5] and several auxiliary definitions
have to be formulated. Let

( ) be a multiindex of dimension . The
length of multiindex is defined by: . For
any two multiindices : ,

, for .
Assume to be a compact subset of and . Fol-
lowing [5] and [6] a collection of continuous functions

is called a Taylor field of
order k, TF(k). Define:

Suppose that for any there exists , s.t. if
for any then:

(1)

Then we call the Whitney-Taylor field of order k,
WTF(k).

Theorem 2 (Whitney [5]). Let be a on . Then
at least one function exists such that:

iff is a

Proof of condition 3. Let be a natural pro-
jection of the tangent bundle defined as

, and an open subset of s.t. . Consider
a mapping given as
(where , are inclusions). Function

is continuous and at each point assigns a vector
normal to the tangent space . Since is a closed sub-
set of , the existence of an extension for defined by

and onto the entire can be stated
in terms of Whitney’s theorem as the question whether the
following :

defined just on is , (where are coordinates of
). Let ; following the definition of , for

multiindices of the first order ( ) we get:

Notice that Whitney’s condition (1) for
( ) is equivalent to the uniform continuity of

in entire . Now, consider ,
again by definition:

(2)

Choose a point . For sufficiently small
, consider diffeomorphism

which defines flat coordinates on ,
where is an open ball at . Let

,
denoting by . Now, we re-
strict to the , and denote

(we can always
do it by choosing sufficiently small ). Therefore, for
any a segment between

entirely belongs to . Define a curve
as . Notice

that and is . Consequently,
equation (2) can be rewritten in the following form:

(3)

Applying the mean value theorem (see [4]) the second term
of (3) satisfies the following (for some ):



By definition of we get:
, therefore :

(4)

where , and stands for the
Frechet’s derivative of . Since vector belongs
to , by the definition of we get:

. Consequently, we can estimate (4) as fol-
lows:

(5)

where , and . For

an arbitrary , there exists s.t. if ,
for any , then . This holds
due to the fact that is uniformly continuous. Making
smaller than , if necessary, and combining inequalities (5)
and (4) we get:

(6)

for all . Now, if we define a cover of
, we can always find a finite subcover say: .

Using notation , for arbitrary ,
we select our final delta as (where is a
Lebesgue number of the finite covering). Then by (6), for
any if :

(7)

Consequently condition (1) follows, and has a desired
extension to the entire .

From the above proof, evidently, for any closed subset of
the energy surface (not only ), it is possible to construct
an appropriate Hamiltonian which induces the same dy-
namics on as ; in particular, can be a whole .
Moreover, by neccessary condition, will be a subman-
ifold of a certain energy surface of codimension 1. A
slight reformulation of the proof provides an evidence that
Hamiltonian can be obtained as a limit of a suitable se-
quence of functionals , which induce the same dy-
namics as only on finitely many trajectories of . In this
case, we can intuitively say that is generated by the se-
quence of submanifolds resulting from . The
provided result proves an existence of extension for ;
we believe however, that similar results can be obtained for
higher smoothness classes.

3. Phase space construction method

In this section an effective method for construction of
Hamiltonian vector field for the invariant sets is presented.

Code
(0,1) 0.939 (-3.79838, 3.79838, 45.5211)
(0,0,1,1) 1.863 (-5.73925, 5.73925, 50.4000)
(0,0,1) 1.393 ( 6.57864,-6.57864, 52.3017)
(0,1,1) 1.393 (-6.57864, 6.57864, 52.3017)
(0,0,0,1) 1.832 (-1.60553, 1.60553, 38.0822)
(0,1,1,1) 1.832 ( 1.60553,-1.60553, 38.0822)
(0,0,0,1,1) 2.312 (-5.38234, 5.38234, 49.5614)
(0,0,1,1,1) 2.312 ( 5.38234,-5.38234, 49.5614)

Table 1: Simplest unstable periodic orbits of the Lorenz sys-
tem. is a period, and is a point on the orbit trajec-
tory, which can be used to recover the orbit by integrating
the Lorenz equations with the initial condition .

This method provides convenient formulas for the Hamilto-
nian , in terms of a certain Lagrangian obtained by the
approximation process.

Numerical experiment was performed for the invariant set
of the Lorenz system . In every point

, field determines vector , such
that , , and

. By proper selection of the constants , , and , a
chaotic behavior can be achieved. Hereafter, the parameters
are assigned with values , , and

.

There are three fixed points of the vector field .
One is located at the origin , and the other
two at the centers of the Lorenz attractor “wings”

. Denote the fixed point
with positive coordinates by . The entire Lorenz attrac-
tor is assumed to be included in the region ,

, and .

Let be a countable set of closed orbits of the field
, that is . The

orbits are characterized by their periods and are ordered
with the index . The ordering is introduced by a coding
manner relating the orbits to the set of natural numbers.
Here, the left and right orbit “wings” are coded as and
, respectively, which allows introducing such a relation. A

few of the simplest orbits are described in Table 1.

It can be argued that the Lorenz invariant set cannot be
properly embedded in a -dimensional manifold. According
to the previous section, the existence of a certain energy sur-
face containing is required. Since is a natural subman-
ifold of which satisfies condition 1, here, the phase space
extension to six dimensions is proposed. This approach also
seems to be optimal from the numerical point of view. Con-
struction can be performed with the help of the Legendre
transformations. At this point, the variables are not de-
fined sufficiently. However, the orbit derivatives can



be easily evaluated. Thus an approximation of the system
Lagrangian can be attempted. Successively, vari-
ables become the generalized momenta conjugate to coor-
dinates , and can be found from the Lagrangian as ,

if .

A spatially periodic time-independent Lagrangian
generating the orbit set will be sought. Vector

denotes the time derivatives of , necessary for
the Lagrangian definition of the dynamics [7]. Assume that
functional is spatially expanded in a Fourier series. The
Fourier coefficients are indexed by the index vectors

and , where each individual
index is a natural number including zero. Finite expansion
will introduce spatial periodicity in as described by the
vector of period multiplies and

. Constants and should be se-
lected large enough to include the portion of the phase space
occupied by the invariant set. The Fourier expansion of the
Lagrangian reads:

(8)

The expansion coefficients will be found using a finite
set of the periodic orbits. Define function as follows:

(9)

Lagrangian dynamics is determined by the differential equa-
tion . Using a selection of points from the or-
bit set , coefficients can be evaluated by minimizing

. The first term of reads:

(10)

The second term involved in equals:

(11)

Using
function equals . Vec-
tors and involve entries and . In or-
der to obtain expansion coefficient vector , minimization
of is attempted. Note that this task is equivalent to
minimization of the quadratic form . The so-
lution should be selected from the kernel of the quadratic
form : , with the additional constraint

.

The described construction was used for the orbits
as shown in Table 1. Each of the orbits was

evenly sampled at points within the period. The Fourier
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Figure 1: “Training” orbit and a fragment of “testing” or-
bit . Dashed lines represent orbits obtained by integrating
the Lorenz equations. Solid lines represents the approximate
Lagrangian dynamics.

expansion of the Lagrangian (8) contained terms up to the
second order, that is and . This yielded

coefficients included in the vector . Following the de-
scribed method, the coefficient vector was found based on
the points from the given orbits, which also determined the
approximate Lagrangian . Exemplary trajectories gener-
ated by are shown in Fig. 1. Given an initial condition

, the corresponding trajectory can be obtained
by integrating the following differential equation:

(12)

Note that (12) represents three coupled ordinary differen-
tial equations of the second order. The solid lines in Fig. 1
represent orbit (outer line) and a fragment of orbit (in-
ner line), reconstructed with the approximate Lagrangian .
For comparison, the original Lorenz orbits are also shown
as dashed lines.

Having Lagrangian identified, the implicit expression for
the system Hamiltonian can be formulated. Define the gen-
eralized momenta . Hamiltonian in the ex-
tended phase space , corresponding to Lagrangian ,
can be defined via the Legendre transformations

. Although this expression leaves the Hamil-
tonian in the implicit form, it requires minimum assump-
tions concerning the underlying dynamics. Note that the
existence of the action function [8] for orbits and hence lo-
cal integrability of the dynamics is not assumed. The only
required constant of the motion is the Hamiltonian itself.
Submanifolds discussed at the end of the last section
arise automatically in the process of approximation as im-



plicit manifolds of .

4. Conclusions

Lagrangian and Hamiltonian formulation of dynamics pro-
vide a means of functional representation of the system
trajectories included in the invariant set of an arbitrary
dynamical system. Having an arbitrary dynamics defined
on the invariant, the neccessary and sufficient condition
for generating a Hamiltonian dynamics is a proper embed-
ding of the invariant set into a certain energy surface. The
described numerical method is an identification technique
which uses a set of closed orbits of the original vector field.
The fact that the orbits are closed guarantees that they be-
long to . They are also relatively easy to extract from the
original dynamics. The well-known OGY method can be
used for this purpose. The numerical example provided in
this paper concerns the Lorenz system, however the method
is general. Integrable (non-chaotic) dynamical systems can
be treated in the same manner.
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