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ABSTRACT

The analysis of dynamical systems with nonintegrable con-
tinuous-time dynamics is oftentimes performed with the help
of a Poincare map. This reduces the number of observed di-
mensions by one without a significant loss of generality in
the results. Dynamics produced by the Poincare map, how-
ever, is still a sequence of real-valued quantities, difficult to
represent in terms of electronic signals. Alternatively, a bi-
nary signal representing the time intervals between consec-
utive piercings through the Poincare section can be easily
implemented in electronic circuitry.

1. INTRODUCTION

We introduce a temporal sequence to be a signal composed
of Dirac deltas separated by a sequence of time intervals.
The choice of the Dirac delta representation has no mean-
ing other than marking certain instances in time. More for-
mally speaking, a temporal sequence is a mapping Z -+ R
(integer-to-real), which resembles the set-theoretical defini-
tion of a sequence. .

Temporal sequences form a metric space. This allows
for testing how close two temporal sequences are to each
other. By defining a suitable metric, convergence of a dy-
namical system Z — (Z — R) can be tested. The meaning
of the introduced dynamical system description is a tempo-
ral sequence undergoing iterations. This formalism is suffi-
cient to investigate Cauchy convergence as well as synchro-
nization of two temporal sequences. Modifying the statis-
tics of a temporal sequence as it is being generated can be
considered a form of modulation. Information inscribed in
the sequence in this manner would be detectable if the statis-
tics of the unmodulated time sequence were known when
received.

The main advantage of having the signal in the form of
a temporal sequence is its suitability for binary representa-
tion. A simple electronic circuit (alternative designs have
been introduced [1]) for hardware experiments with tempo-
ral sequences is presented in subsequent sections.
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Figure 1: The LC tank circuit with negative conductance
G and amplitude regulating current i (7). The current-
controlled current source is a Schmitt trigger circuit.

2. SIMPLE TEMPORAL SEQUENCE GENERATOR

The circuit includes a simple harmonic (linear) oscillator
with a tank circuit and a negative conductance, as shown
in Fig. 1. The negative conductance G supplies energy to
cover for the dissipation from the actual LC components.
In order to insure bounded oscillations, an amplitude stabi-
lization technique is used by injecting current i ¢(i). Current
iy switches between one of two constant levels Iy or —1I,.
Every such switching decreases the magnitude of oscilla-
tions. The dynamic equations of the oscillator represent a
second order system

dw S
Caz—G’U—l'f‘ﬂf(i) (1)

di :

a @

Whenever the injected current is constant 3 ¢ = 1y, the so-
lution (v(t),4(t)) is linear about the fixed point (0, £1), as
shown in Fig. 2. The frequency of oscillations and the enve-

lope of magnitude expansion are determined by the eigen-
~-G/C -1/C
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are the complex conjugate pair A =

values of the Jacobian [ ] These eigenvalues

-G 41 -
5o iz\/L_C. There

fore the frequency of the oscillations is fo = m and
the magnitude follows the envelope et

The fixed point is a center of the oscillations spiraling
outward. Current 7 selects the present location of the fixed
point as either positive or negative constant I, The switch-
ing occurs when the trajectory gains enough magnitude to
reach the vicinity of the opposite fixed point location. Since

only a single variable 7 is used to determine the switching
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Figure 2: There is only a single fixed point in the phase
space, however its location is switched between +7,. The

Poincare section ¢ = —Isign(v) is shown in bold.
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Figure 3: A Schmitt trigger injects current iy = +I to
switch the fixed point location whenever inductor current £
reaches value 1.

threshold, the circuit can be implemented using a simple
Schmitt trigger. If the present fixed point is Iy and the trajec-
tory coordinate goes below the opposite fixed point — I'y, the
fixed point is switched. Likewise, if the present fixed point
is ~Ip and the current coordinate exceeds positive g, the
fixed point is also switched. A constant I, has been selected
to adjust the threshold point for the fixed point switching.
The described switching occurs at an instance £ as follows:

i(t5) = { S i ®

0 0

where tf,': = limp0(t + k). The hysteretic relationship
between the currents ¢ ¢ and 4, shown in Fig. 3, is a source of
nonliearity of the circuit and provide its ability to oscillate
chaotically.
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Figure 4: Graphs of functions f (top) and g (bottom). Note

that axes of the graph in the bottom do not intersect in the
origin.

The set of points in the phase space, corresponding to
the change of state of the Schmitt trigger, is located on the
bold discontinuous curve shown in Fig. 2. This curve, de-
scribed by equation ¢ = —I sign(v), is selected to be the
Poincare section of the oscillator dynamics. Note that only
variable v is a meaningful coordinate of the events hap-
pening on the curve. The Poincare section determines a
discrete-time dynamical system. It will be useful to express
its equations using the following state description:

Unyr = flvn) 4)
T, =g(vn) (5)

Sequence {v,} represents the coordinates of consecutive
intersections of the osciilator trajectory with the Poincare
section. Sequence {7} represents time intervals between
these intersections. Figure 4 shows graphs of functions f
and g resulting from the oscillator dynamics example with
I {1y = 1.05 and parameters (7L selected to obtain eigen-
values A = 27(0.05 £ 1.00z). With the help of these func-
tions and equations (4) and (5), the dynamics on the Poincare
scotion can be easily calculated without having to integrate
the differential equations of the oscillator,

Sequences of vy, and T, are not easy to obtain from the
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Figure 5: Graph of 50000 intervals between the Schmitt
trigger transitions. Intervals 74 are shown (vertically) in
terms of preceding intervals 7, (horizontally).

electronic implementation of the oscillator. Another observ-
able, readily available through measurement, is the state of
the Schmitt trigger. Let {7} be the sequence of time inter-
vals between consecutive transitions of the Schmitt trigger.
As illustrated in Fig. 2, every interval 7, is composed of sev-
eral full rotations of the trajectory about the fixed point and
one final rotation taking less then 75% of period to hit the
bold line on the opposite side. With the selection of exam-
ple oscillator parameters, the period is Ty = 1, which can
be identified as the maximum value of function g in Fig. 4b.
All intervals T}, less then period T determine the final ro-
tation before the Schmitt trigger transitions. The ordered
set {n : T,, < T} defines a sequence {n;} of indexes of
such final intervals Tr,. Prior to the ng-th final interval T,
there are di = ny — ng—y — 1 full rotations Ty. This pro-
vides a relationship between time interval sequences {7}
and {T,}:

T = didy + Ty, (6)

A question naturally arises as to whether sequence {7}
could be generated directly by a mapping. Even more specif-
ically, is interval 741 uniquely determined by the preced-
ing intervat 7,7 A number of interval pairs (74,711 ), gen-
erated using Equation (6), is displayed in Fig. 5. The grid
pattern is an immediate consequence of the 7-interval be-
ing composed of a multiple of T plus a final interval T, .
In fact, the final intervals carry all the information regard-
ing the r-sequence. As shown in Fig. 6, final interval T',,
vniquely determines the successive final interval T, ‘o
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Figure 6: Mapping Th,,, = h(T%,). Final intervals T,,, |
are shown vertically versus preceding final intervals T,
(horizontally). Counting from the left, dzy, is the number
of the graph branch. Dashed lines separate variable ranges
occupied by the branches.

Moreover, the graph of this relationship is composed of sev-
eral branches. For a given T}, , the successive final interval
is located on the d 1 -st branch of the graph. This way, fi-
nal interval T, uniquely determines also the interval T4 ;.
The evolution of final intervals resembles iterations of the
Bernoulli shifts. A mapping % and quantization scheme g
can be developed by interpolating the graph in Fig. 6:

T’ﬂk+| = h(Tﬂk) (7)
diys =q(Ty,) ®)

With the help of these two functions the mapping of 7-
intervals can be explicitly devised as

Thk+1 = q(Tk mod TO)TO + h{Tk mod To). (9N

Given an initial interval, Equation (9) allows for generating
the 7-sequence same as the one produced by the original
differential equation. However if cettain limited precision
level is assumed, mapping £ will introduce uncertainty in
the dynamics. There are infinitely many branches contained
in the graph of mapping h. At higher argument values, cor-
responding to the right side of the graph in Fig. 6, even a
slight fluctuation of argument, resuiting from physical re-
ality of implementation, will result in indeterminable value
of the mapping. Such behavior is typical for nonintegrable
dynamics. In order to avoid relying on individual trajec-
tories of the dynamics being inspected, using its statistical
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characterization may prove beneficial in practical applica-
tions. Let D C (0,7p) be both the domain and the range
of mapping k. Let h; be the i-th branch of mapping 5, and
unambiguously i = | J22, k;. Domain D is divided into in-
finitely many segments D;. Each segment D, is a preimage
of the domain for a certain branch D; = h; (D). Seg-
ments D) through I}y,, separated by the dashed lines in the
range of mapping h, are shown in Fig. 6. A fraction of
segment I; which is mapped onto segment D is a subseg-
ment A" (D;). Assume the initial interval T, is selected
randomly from domain D. If the dynamics determined by
Equation (9) s ergodic, conditional probability P;; that the
successive interval T}, falls into segment £2; given that in-
terval Th,, is in segment D; equals the ratio of the segment
lengths:

. = D))

iy |I)4 (10)

Numbers P;; arranged in a matrix P = [P;;] describe prob-
abilities of transitions from segment D, to D; at every it-
erative step. The first six rows and columns of matrix P
evaluated numerically read

0 0 0 0 0.528 0.471
0.121 0.346 0.237 0.137 0.091 0.065
0.114 0.360 0.226 0.146 0.096 0.056
P= (0133 0357 0.232 0.136 0.084 0.056
0.093 0338 0.259 0.148 0.094 0.065
0.121 0.365 0.218 0.135 0.095 0.063

(1
Note that P is the transition matrix of a Markov process
with states dy associated with segments D;. Matrix P is
probabilistic, which means that the row-sums are always
equal to 1. If ¢ is any initial probability distribution ¢(u) =
Pr(do = u), after k iterative steps the distribution evolves
to be ¢P*. The iterations eventually approach the invariant
probability distribution ¢* = limy_,., ¢P*. If mapping h
is mixing |2] and expanding (|h' (T, )| > 1), the invariant
distribution ¢* is uniquely determined by the parameters of
the dynamical system [3], independent of the initial distri-
bution ¢. The dynamical system (9) generates observabie
time intervals 7. with symbols dy occurring according to
the distribution ¢* shown in Fig. 7. This distribution is also
the left eigenvector of matrix P associated with eigenvalue
equal 1.

In conclusion, the first-order statistics of the time inter-
vais generated by a dynamical system with oscillatory dy-
namics can be derived from its binary observable. The se-
quence of time intervals which displays a grid pattern in de-
layed coordinates contains a sequence of discrete symbols.
Such a symbol sequence may be considered Markovian and
the frequency of inter-symbol transitions can be estimated
in order to determine transition probabilities.
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Figure 7. Invariant probability distribution ¢* for the dy-
namical system derived from time intervals 7. Probabili-
ties of the first 12 states (Pr(dy = 1) through Pr(d,, = 12))
shown.
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