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Rule extraction is an important issue within Knowledge-Based Neurocomputing.
Large sets of data, usually produced by experiment, can be interpolated easily
with neural networks, providing a means for generalization. Based on generalized
knowledge, many useful conclusions concerning the analyzed experiment can be
drawn. This, however, indicates a great need for representing the knowledge in a
readable and intuitive form. Soft quantization of factors taking part in the analysis
allows representation of the generalizations by a set of linguistic rules. The rules
determine a reasoning algorithm for a fuzzy system approzimating the network
function and inasmuch, they provide expert knowledge created automatically.

12.1 Introduction

Soft computing techniques extensively use numerical data which characterize in-
put/output relationships of various systems that support decision-making, advis-
ing, and diagnostics. These techniques have been successfully applied in engineering,
medicine, chemical analysis, control, agriculture, financial and insurance manage-
ment, and many other areas. Unlike formal and mathematically rigorous types of
analysis and design, soft computing techniques possess features allowing the de-
scription of cause-effect relationships in terms of verbal statements and common
sense rules. Informal notation is especially suitable for acquiring information from
experts in a given field, who are not always used to giving a precise explanation of
facts and algorithmic routines for solving given tasks. Yet, they often have years
of experience and intuitive knowledge that is extremely difficult to grasp within
restrictive formalisms. This kind of knowledge emerges as a result of learning from
examples.

Neural networks play a significant role in modeling systems for which no an-
alytical formulas are known. Effective tools for system identification are usually
crucial for successful control. Although neural networks require quantitative exam-
ples for learning in the form of numerical data describing the desired input/output
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Figure 12.1 Neural network classifier for the XOR problem. The network is
assumed to perform a smooth mapping y:1 = —z122. Hence, this simple decision
system gives an answer yes if y1 > 0 or an answer no if y; < 0.

mapping, the significance of neural networks in soft computing is rooted in their
unique ability to interpolate nonlinear relations even in a multidimensional space.
Moreover, neural networks are fairly tolerant to noise in the data, which becomes
an issue when modeling involves a process of measurement. In such cases efficient
model identification may require a careful validation of the model under construc-
tion, especially when the data is limited or incomplete. Nevertheless, an effort in
this direction is usually beneficial in that a smooth interpolation outperforms a
simple data-driven look-up table.

With models developed through learning from abundant data, the user can input
facts and compute the system’s outputs. This, however, provides no interpretation,
justification or explanation of responses. The rules embedded in models are not
directly accessible. Another domain of soft computing, namely fuzzy approximation,
is much more reasoning-oriented and allows one to uncover the rules in a very
suitable linguistic form. A closed-form algorithm for rule extraction from data can
be derived within the framework of the fuzzy reasoning system.

Earlier fuzzy inference methods have been based on learning directly from
examples (Takagi and Sugeno, 1985). Later approaches have focused on generating
rules by adaptive-network-based fuzzy models (Sun, 1994). Genetic algorithms
have also been employed for generating compact linguistic if-then rules (Ishibuchi,
1995). In our approach, we facilitate the modeling of relationships in data via
multilayer perceptron networks followed by a rule generation algorithm applied
to the smoothed neural network model.

12.2 Fuzzy Rule Extraction Algorithm

Learning results in an approximation of the input/output relationships of a given
system. The approximation allows for imitating actions of the observed system
based on the acquired data. The learning process is considered to be completed
once the imitated actions of the system are within expected tolerances. To describe
the system actions requires an informative representation of the learning results.
It should reveal the entire process of reasoning used by the approximating model.
Assuming that the system is a classifier, its actions can be described by a set of rules
of the form w = g (Viktor and Cloete, 1995). Each rule is an implication that relates
an input instance 7 to an output instance g. In general, both the input instance
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Table 12.1 The data set used for developing an XOR classifier. There are 16
input pairs (z1,a2), which sample the input space. The neural network responses
are denoted by y: and classified as crisp values g1 € {no, yes}.

1 T2 v 01
-04 -03 -0.12 no
-04 0.2 0.08 yes
-0.3 -04 -0.12 no
-0.3 03 0.09 yes
02 -02 -0.04 no
-0.2 0.1 0.02 yes
-0.1 -0.1 -0.01 no
-0.1 04 0.04 vyes

0.1 -03 0.03 yes

0.1 03 -0.03 no

0.2 -01 0.02 yes

02 04 -0.08 no

0.3 -04 0.12  yes

03 02 -0.06 no

04 -0.2 0.08 yes

04 0.1 -0.04 no

7w = (my,m2,...) and the output instance @ = (g1, 02,...) are multidimensional.
Hereafter, Greek letters are used for describing the instances in a linguistic form.

In order to introduce the rule extraction algorithm, a simple XOR decision system
will be used as an example. XOR is a logical function and the extracted rules are
expected to agree with its truth table. The decision system is shown in Figure 12.1.
It uses two inputs & = (x1,2) and provides one output y;. Roman letters denote
numerical values. Although the nature of the rules is logical, they are extracted
from systems that use numerical data. Therefore, the exemplary problem of XOR
is introduced in terms of real-valued numbers (Zurada, 1992). Its function can be
performed by a neural network. For simplicity, the neural network in Figure 12.1 is
already assumed to perform function y; = —z1z2. Note that this function precisely
evaluates the logical XOR considering numbers —1 and 1 as no and yes, respectively.
Other values of the output are classified as no or yes depending on the sign of yi,
that is no for the negative sign and yes for positive.

Typically, real-life systems need to be identified by inspecting their actions for
various inputs. In the XOR example, the input space can be sampled using several
input data points. These data are shown in Table 12.1. The output value y; is
evaluated for each input instance (z1,z2) and then classified as no or yes. The
result of this classification is denoted by g1, which is the linguistic output instance.

For the sake of rule creation, the system input should be expressed in terms of
linguistic variables. In other words, the correspondence between numerical values
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Figure 12.2 Fuzzification of the XOR decision system inputs. Inputs z; and z»
are characterized by fuzzy numbers m € {N, Z, P} and 7, € {N, Z, P}, respectively.
The graphs represent membership functions pr, (z1) and pr,(z2). For example,
pun(z1) = 0.5 at x; = —0.25.

(z1,22) and crisp input instances (71, s) should be established. A very suitable
approach to soft quantization of the input leads through changing the input domain
from real-valued into fuzzy (Zadeh, 1965; Sun, 1994). Fuzzy numbers provide an
excellent link between linguistic input/output rules and numerical mappings that
handle only continuous variables. Approximating the object of interest with a, fuzzy
system offers an opportunity to create fuzzy rules that can be used for describing
the actions in the linguistic form.

Depending on the complexity of the input space, a fuzzification scheme for
the inputs can be more or less complex. In the XOR example a set of three
fuzzy numbers is constructed arbitrarily. Input instances m; and ms take values
from the set {N,Z, P}. These letters stand for negative, zero, and positive. The
correspondence between the numerical values z; and the fuzzy numbers =; is defined
by selecting membership functions pr,(2;). As shown in Figure 12.2 triangular
membership functions are chosen. Linguistic variable &; = (un(z:), pz (), up(x:))
describes input z; by three numbers indicating the degree of membership of that
input to classes N, Z, and P. Membership functions can have values between 0
and 1. Their centers are selected such that every point in the data set, shown in
Table 12.1, can be unambiguously represented by linguistic variables #; and Zs.

Assume now that the input domain of the XOR classifier is sampled at various
points as shown in Figure 12.3. Numerical coordinates x; and x5 of the points
are indicated on the bottom and on the right side of the array. The corresponding
linguistic variables #; and Z; label the top and the left side of the array. All the
points from Table 12.1 can be found at appropriate locations in this array, where
the output instances no or yes are placed. The topology of the classifier’s decision
regions can be clearly seen. Decision region D,, is a set of all the input instances
(@1, 2), for which the output instance equals ;. Hence, the decision region D, is
the region of the input space where z; < 0 and x5 < 0, or z; > 0 and z5 > 0. All
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Figure 12.3 Decision regions in the input space. Every rectangular block, where
the output class g; is marked as yes or no, represents an input instance as shown
in Table 12.1. For example, instance z; = —0.4 and z, = —0.3 is marked by no
since y; = —0.12 < 0. In terms of linguistic variables this instance is represented by
membership values # = [0.8,0.2,0.0]7 and Z. = [0.6,0.4,0.0]”.

the points outside this area constitute the decision region D,;.

In order to create rules describing actions imitating the XOR decision system,
input instances need to be expressed in terms of fuzzy numbers m; € {N, Z, P}
rather than linguistic variables Z; involving membership values. Note that each
rectangular block of the array in Figure 12.3 allows nine (32) combinations of
the fuzzy numbers (71, m2). Every combination determines a pair of membership
values (fir, (21), ry(@2)). Consider, for example, point (—0.4, —0.3). Its linguistic
coordinates are #; = (0.8,0.2,0.0) and Z» = (0.6,0.4,0.0). The membership
function values assigned to this point equal py(—0.4) = 0.8, uz(—0.4) = 0.2,
pp(—0.4) = 0.0, and py(—0.3) = 0.6, pz(—0.3) = 0.4, up(—0.3) = 0.0. Therefore,
instance (N, N) would be validated by a membership pair (0.8, 0.6), instance (N, Z)
would be validated by (0.8,0.4), and so on.

In fuzzy reasoning, the instances are assigned t-norms of the membership pairs (Zu-
rada and Lozowski, 1996). For simplicity, a min function is selected as a t-norm oper-
ator. Thus an instance (7, 72) gets validated by a single number min(pr, (%1), pir, (2))-
In this manner, t-norms for the exemplary instances (N, N) and (N, Z) of the point
(z1,72) = (—0.4,—0.3) are equal to 0.6 and 0.4, respectively. These two t-norm val-
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Figure 12.4 Lists of t-norms (here, minima of membership values) for output
classes o1 = no and g1 = yes. In terms of fuzzy numbers input instances can be
represented by pairs (w1, m2) € {N, Z, P} x {N, Z, P}. This results in 9 combinations.
Consider, for example, instance m = N and 7 = N, and the output class o1 = no
(bottom-left block of the table on the left.) Eight figures in this block are the
minima min(un (1), pn(22)). The membership values pn(z1) and un(z2) can be
found in Figure 12.3 as assigned to the blocks marked by no.

ues can be found in the left table in Figure 12.4 (in the blocks whose coordinates
are 1y = N, and me = N or mp = Z). Each block in Figure 12.4 contains eight
t-norms because there are eight points in Figure 12.3 classified as no (as well as
eight points classified as yes).

Verbal description of the introduced number rearrangement in tables is somewhat
complicated, but in certain programming languages such a multi-level matrix
transposition can be done with a single command. Tables shown in Figure 12.4
group the t-norms separately for output classes no and yes. The consecutive step in
fuzzy reasoning is evaluation of s-norms for every input instance (7, 7o) (Wang and
Mendel, 1992). The simple s-norm operator for a given instance is a maximum_of all
its t-norms. The s-norms evaluated based on values from Figure 12.4 are presented
in Figure 12.5. Every input instance provides a value for the output membership
function pno(01) and fiyes(01). These values can be compared in order to create
rules.

For example, instance (N, N) generates two rules: (N, N) = no and (N,N) =
yes, validated by the output membership value of 0.6 and 0.0, respectively. Since the
first rule is represented by a significantly larger membership function value, it should
be included in the generated rule set. If some instances generate rules with less
distinct difference in the output membership, like the case (Z, P), the rule creation
should be considered from the point of view of required accuracy of the rules being
created. To address this problem, an arbitrary uncertainty margin ¢ is introduced.
If a given instance (1, m2) generates rules for which the difference of the respective
$-NOTMS |ftyes(01) — fino(01)| is less than e, than none of the rules is included in
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Figure 12.5 Lists of s-norms (here, maxima of the minima of membership values)
for output classes g; = no and g1 = yes. Each input instance (m,72) is represented
by the value of the membership function pn.(e1) and pyes(g1). These values are the
maxima of the figures included in the corresponding blocks in Figure 12.4.

00<e<0.2: 0.2<e<04: 0.4<e<0.6:

m T2 01 T T2 Q1 m T2 01

N N no N N no N N no
N Z yes N P yes N P wyes
N P yes P N yes P N yes
Z N yes P P no

Z Z no

Z P no

P N yes

P Z yes

P P no

Figure 12.6 XOR rule creation for selected uncertainty margins e. Comparing
output membership function values for classes yes and no (in Figure 12.5), a rule
(m1,m2) = o1 is created provided that the difference between the output membership
function values for classes yes and no is significant, namely |pyes(01) — pno(01)] > €.
Rule (m1,m2) = no is created if pno(01) > fiyes(01). Rule (m1,m2) = yes is created
otherwise. Rules created with three different uncertainty margins are shown.

the rule set. If the difference is larger than &, then either rule (m,m2) = no or
(m1,m2) = yes is included in the rule set, depending on which one determines a
greater s-norm.

It can be seen that the uncertainty margin & controls the number of rules
extracted from the XOR decision system example. The maximum number of rules
is created when ¢ = 0. Increasing ¢ lowers the number of rules by eliminating
the less decisive ones. Finally, with ¢ = 1 no rule can be created, since the
membership functions are bounded between 0 and 1. Rule sets extracted from the
XOR classifier with various uncertainty margins are shown in Figure 12.6. Note
that for € € [0.2,0.4] the rules recover the XOR truth table.
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12.3 Gentamycin Dosage Problem

The rule extraction algorithm introduced in the previous section has been used in
the problem of predicting an appropriate dose of gentamycin (a medicine used to
treat kidney disease) (Lozowski et al., 1996b). The required amount of drug can be
estimated by a trained physician based on a few parameters known by inspection
or by measurement, such us: a person’s weight, height, body surface area, sex, and
age. The history of treatment is also important as are factors like the dosage time
interval, recent gentamycin dose levels, gentamycin peak and trough concentration
levels, serum creatinine, and creatinine clearance.

Given so many input factors, estimating the accurate dosage of gentamyein is not
a simple task. Still, the appropriate dosage of gentamycin is of great importance in
achieving the desired peak and trough levels of the gentamycin concentration in a
patient’s body. Simplifying, given an instance of relevant parameters (Karayiannis
and Venetsanopoulos, 1994), the problem is to predict the amount of gentamycin
needed to produce the desired peak and trough concentration levels.

By inspection of correlation coefficients between the inputs and outputs, three
parameters were found the most significant in the observation of treatment: the
body weight, serum creatinine, and peak concentration. These parameters will be
referred to as the system inputs z1, z2, and x3. The system output, y;, is the
prediction of the necessary gentamycin dose at a time.

A data set of measurements, each consisting of the three patient characteris-
tics and routine dosage levels, was used as a training set for a neural network
classifier with three inputs and one output. A fragment of these data is shown
in Figure 12.7(a). For the sake of fuzzy rule extraction the input fuzzifiers have
been formed using the standard triangular membership function shapes (see Fig-
ure 12.7(b)). Each input has been quantized into three classes with centers of gravity
located in the middle and at both ends of the range of changes of the input (Setiono
and Liu, 1996).

Rules for the gentamycin dosage have then been created with the uncertainty
margin ¢ = 0.01. Totally undecidable rules were subsequently pruned from the rule
sets. The resulting rule set reduced to a disjunctive normal form (Shavlik, 1994;
Towell and Shavlik, 1993; Craven and Shavlik, 1994) is shown in Table 12.2. The
rules can be represented graphically on a cube whose corners and sides correspond
to input instances while the output classification is indicated in three grey-levels
(see Figure 12.8). In the figure, variables x1, 2o, and 3 are the vertical, horizon-
tal and axial dimensions, respectively. Roughly, this diagram shows a monotonic
relationship between the dose and a linear combination of the inputs. Even though
increasing the number of fuzzy classes at the inputs and the output would improve
the approximation of the neural network mapping, the small set of rules provides
an indication of the solution to the dosage problem.



12.3 Gentamycin Dosage Problem 411
Weight Ser}lrg Peak Dose
creatinine Wr, (x1)
57.6 0.5 40 80 | low — medium high
81.2 0.6 48 130 %,
66.0 2.2 114 100 80 0 L8
110.0 1.2 31 100
38.2 0.6 8.0 80 Wr,(x5)
59.9 0.7 4.5 80 | low medium high
55.3 0.9 5.7 80
75.7 0.7 44 80 0 i
61.2 0.8 50 90 0.4 13 22
42.2 1.5 7.6 80 Mg, (x3)
72.6 0.6 1.8 30 | low medium high
63.0 0.7 6.5 100 W
68.0 0.7 35 80 0 A
63.5 0.6 3.8 120 1.8 1.6 13.4
52.8 14 3.4 60 Ho, (V1)
85.5 1.4 5.7 80 1 low medium high
92.5 0.6 3.0 80
83.0 0.8 2.4 80 0 N
60.0 2.0 7.6 70 50 95 140
63.7 0.6 3.6 60

(a)

(b)

Figure 12.7 Gentamycin dosage problem. (a) Fragment of the measurement data
set. The recommended drug dose y; depends on parameters z;, z2, and zs which
remain under systematic observation. (b) Fuzzification scheme of variables z1, 2,
z3, and y; for the rule extraction.

Table 12.2 Linguistic rules for gentamycin dosage in disjunctive normal form.

Weight  Serum creatinine Peak Dose
~high high medium low

low =low low low

- low low medium

- medium medium medium

low - high medium
—high low medium medium
=low medium low medium

medium —low high medium

high high —high medium

high low medium high

high medium high high
=low low high high
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Serum creatinine -->

Weight -->
Figure 12.8 Graphic representation of the rules. The cube represents the three-
dimensional parameter space for weight, serum creatinine, and peak value in terms
of fuzzy numbers {low, medium, high}3. Black, grey, and light-grey nodes indicate
low, medium, and high drug dosage required.

12.4 Iris Flower Classification Problem

Iris is a well known benchmark problem concerning classification of flowers (Duch
et al., 1997; Lozowski et al., 1996a). Three Iris flower classes are known: Setosa,
Versicolor, and Virginica. The classification is based on four leaf attributes, namely,
sepal length, sepal width, petal length, and petal width. These attributes, denoted
by x1, T2, T3, and x4 were measured in millimeters and collected in the Iris database
shown in Figure 12.9(a). Proper classifications, encoded by variables y;, 2, and ys,
form the output for a decision system. A neural network classifier has been trained
first using the data. Given an unseen input instance, the trained network is able
to classify the instance as having features of one of the flower types. The network
output response is considered as a valid classification provided that only one output
is positive, whereas the other two remain negative. The positive output indicates
the flower type.

Figure 12.9(b) shows the fuzzification scheme used for rule extraction from the
network. Following the algorithm described in the previous section, the classifier
input is encoded in terms of fuzzy numbers. Using the uncertainty margin € = 0.01
rules of two different kinds can be obtained. A fully decidable rule provides
an output instance which has one yes and two no’s, such as (my, 72,73, m4) =
(yes, no, no) indicating Setosa. Another kind of a rule can have one no and two “no
information” entries, denoted by symbol “—” | in the output instance. An example of
such a rule is (7, w2, 73, m4) = (no, —, —), which excludes Setosa from consideration
at a given input instance.

Rules extracted from the Iris classifier are presented in Figure 12.10 in disjunctive
normal form. The number of rules have been reduced by grouping together input


















